
O N  T H E  M I N I M A L  B A S I S  O F  A C O M P L E T E L Y  
S E P A R A T I N G  M A T R I X  G) 

BY 

JACQUELINE SHALHEVET 

ABSTRACT 

We prove that there is essentially only onep × 2 s incidence matrix satisfying a 
given separation condition, which is of minimal degree, and we find that matrix. 

Introduction. A matrix (m~) whose entries are either 0 or 1 is called completely 
separating if for every pair of columns Jl,  J2 there are two rows il, i2 such that 
m~:= m/22 = 0 and m/: = m t  2j1__ 1. 

In [2] M. Maschler and B. Peleg proved that the degree of such a matrix of  n 
columns is > '~n where ;t~ = 2 + [ l og2 (n -  1/2)] and gave an example of  a com- 
pletely separating matrix of n columns whose degree is precisely 2~. 

In this paper we offer a different proof of the above result, and in addition we 

show that for n = 2'  the example given in 1-2] is the only matrix of minimal 
degree, up to addition of superfluous columns. 

This combinatorial problem, in addition to its intrinsic interest, may be useful 
in studying the properties of those kernels which have a maximal dimension. 

1. Definitions and Notation. 

DEFINITION 1.1. A matrix M p×n = (m/) of p rows and n columns is called a 
completely separating incidence matrix (c.s.i.m.) if m{ = 0 or 1 for all i = 1,.. . ,  p; 
i = 1,..., n, and if for every pair of columns m jl , m y~ there exists a pair of  rows 
ms:, m~ such that 

m{~=m y ~ = I  and m y~ i2 il = m[~ = O. 

DEFINITION 1.2. A matrix B q×~ =(b{) is called a completely separating in- 
cidence basis (c.s.i.b.) if b{ = 0 or 1, i = 1, . . . ,q a n d j  = 1, . . . ,n and if there exists 
some completely separating incident matrix M p×n for which B q×~ is a basis. 

DEFINITION 1.3. Bq×~is called a minimal completely separating incidence basis 
if it is a c.s.i.b, and if B ~' × ~ is any other c.s.i.b., then q' > q. 

DEFXNITION 1.4. A matrix B ~×~ will be said to satisfy a 2 condition if any two 

rows of  B have at most 2~-2identical components; i.e. if bit  , b~2 are any 2 rows 

o f n  then the set J = {j: b{, = b:2 } has at most 2 ~-~ components. 

DEFINITION 1.5.A matrix B q×2,= B will be said to satisfy a O-condition if every 
row of  B has at most 2"- ~ zero components. 

Received October 5, 1964. 
(1) This work is part of the author's doctoral thesis, being written under the supervision of 

Dr. M. Maschler, at the Hebrew University. 

155 



156 JACQUELINE SHALHEVET [September 

NOTATION. 

1 . 6 -  We shall denote the ith row of the matrix B q×~= (bD by bt and the 
j th  column by b J. 

1.7 - -  We shall denote by A "the set of all the 2' possible column vectors of  

length s whose components are either zero or one. Thus a 2 =  {(1)1, 0 , 1 , 0 . ( 1 ) ( 0 ) ( 0 ) }  

1 . 8 -  We shall denote by Ba <*+1)×2" = (bD the following matrix: bi = (1, ..., 1, 
0, . . - ,0,  . . . ,  1, . . . ,  1,0, ... ,0) for i =. 1, . . . ,  s where we have 2 *-I ones followed by 
2 "-~ zeroes, repeated 2 ~-t times, and b~+l = 1 for all j .  For  example, if s = 3, 
B2 ~ 8 is the matrix 

1 1 1 1 0 0 0 0  

1 1 0 0 1 1 0 0  

1 0 1 0 1 0 1 0  

1 1 1 1 1 1 1 1  

1.9 - -  We shall denote by B(2 s+1)×2" the matrix whose first s rows are identical 
to the first s rows of B(  ~+1)×2" and whose last row b~+t = (0,1,0,1, ..-, 0,1,0, 1); 

2j i.e., ,,s+l-2J-11 = 0, b,+l = 1 , j  = 1,2, . . . ,2 ' -1.  

1.10 ~ We shall write B ,,, C if the matrix C can be obtained from the matrix B 

by column and row permutations. 
In the following section we prove that the degree of a minimal c.s.i.b, with 

n = 2 '  columns is s + 1. In section 4 we determine the degree of a minimal c.s.i.b. 
for any n. We also prove that for n = 2 ~ columns there is only one c.s.i.m. M of  
minimal degree, which is itself minimal in the sense that no proper subset of rows 
of  M is completely separating, and we characterize that matrix completely. 

2. Properties of a Completely Separating Basis. 

LEMMA 2.1. Let b Jl and b J2 be any two columns of a c.s.i.b. B =- B qxn. 

Then the vector sum (b ~1) + (b ~2) is no t  a column orB. 

Proof  by contradiction. B is a basis of a c.s.i.m. M; let b Jl, b j2, b j3 be three 
columns of  B such that (b jl) + (b j2) = (b J3). Then b{~= 1 ~-b{~= 1 for all 

i = 1,. . . ,  q. Since M is completely separating and B is its basis, there exists a row 

vector m k =  r , , c ~ b , = ( m l , . . . , m ~ M  such that mk j2 = 1  and m~ ~ = 0 .  But 

m~ ~ + m~" = ~ c~(b[ ~ + b~ ~) = ~,~ c~b~ 3 = m~ 3 = 0. Therefore m ~ ' =  - 1 contrary 

to definition of  M as an incidence matrix. 

ILEUMA 2.2. Let B ~Xn = B be a c.s.i.b. Then (I) no two columns of B are 
identical and (2) no column of B is identically O. 
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Proof by contradiction. B is a basis of a c.s. i .m.M. (1) Suppose (b s) =- (b~), 
j ~ k. Then (m j) =--- (mS), j ~= k are two columns of  M, contrary to the definition 
of  M as completely separating. (2) Suppose (0, . . . ,0) 'E B. Then (0, . . . ,0) '  is a 
column of  M contrary to the definition of a c.s.i.m. 

L E n A  2.3. Let B q×z" = B be a c.s.i.b. Then  q >= s + 1. 

Proof. Suppose q < s. Consider A q = set of 2 q < 2 s different possible columns 
of  length q. Since B has 2 s columns, it must have two identical columns, contrary 
to lemma 2.2. 

Suppose q = s. Then 2 q = 2 ~. Therefore either B contains two identical columns 
or it contains all  the 2 s columns of A s. But (0,-- . ,0) '~AS; therefore we have a 
contradiction to lemma 2.2. Thus q > s + 1. 

LEMMA 2.4. B~ (s+l)×2s, i = 1,2 (see notation 1.8) are complete ly  separat ing  

incidence bases. 

Proof. Consider B~S+l)×2( Define the matrix M ( 2 S + l ) × 2 ~ = M = ( m ~ )  by 

m~ = bi, i = 1,. . . ,  s + 1. ms+ t +~ = bs÷ l - b~, i = 1, . . . ,  s. The rows of  B~ *+ 1) x 2 s are 

linearly independent. Indeed, suppose there exist c~ such that ~,,c~b~ = (0, . . . ,0).  

Then since B~ t~+ ~) × 2s contains every possible column vector of length s + 1 whose 
last component is one, and whose other components are either zero or one, we have: 
c~+cs+l  = c i + c j + c s + l = O f o r  a l l j = 2 , . . . , s ,  and a l l i ~ j ,  s + l .  Therefore 
c; = 0  f o r j  = 2 , . . . , s ,  and c~+1 = 0  = Cl. 

Obviously B is a basis of  M. 

Let m J~, m J~ be any two columns of  M. Since no two columns of B are identical, 

there exists some row bio = mio in which miJ~ = 1 and mioJ2 _- 0, (or mio~= 0; and 
mJ~io = 1), io =< s + 1. Therefore 

m j~ = l - m / J  0 and m j~ = 1  J ~ - l .  s+l+io ~--- s + l + i o  ~ m i o  - -  

Therefore M is completely separating. 
Bt2 ~+1)×2s is also a basis of the above defined M. T h e r e f o r e  B} s+t)×2s, i = 1,2 

are completely separating bases. 

LEMMA 2.5. I f  B q×2s is a m in ima l  c.s.i.b., then q = s  + 1. 

The proof  follows immediately from the two preceding lemmas. 

[,EMMA 2.6. Let  the incidence matrix B(S+l)×2S=_B = ( b / )  be a basis o f  the 

c.s.i.m. M <q×2s) = M = (m{). Then m =  ~ ic ib leM=: ,c i=O,  1 or - 1  for 
i =  1 , . . . , s  + 1. 

Proof. Let B, be the matrix obtained from B by deleting row b~. Let (bP)t = 
b;_ 1, "")' b~+t, ; i.e., the pth column of Bt. We distinguish two cases: 

Case (1): B~ has no two identical columns; thus all 2 ~ different columns of  
A s belong to B t. In particular (bP')t=(O . . . ,0) '  for some Pi. Therefore, by 
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Lemma 2.2, (O, . . . ,O, l ,0 , . . . ,O) '=b p~. Let mk=~, ,c ,b~=(mkt , . . . ,m2")eM.  
m~'= ~,,csb~ ~= c~b~'= c~. Therefore, since M is an incidence matrix, c~ is equal 
to 0 or 1. 

CASE (2). B~ has two identical columns, say (bP')z = (bq')z, Pi ~ q~. By Lemma 
2.2 we can assume that b~"= 1, bT' =0. Let m k (m~, 2o . . . .  ,mk ) = Es csb~eM. 
Since m ~ = 0  or 1 for all j = l , . . . , 2  s we have I m : ' - m e ' l  =0  or 1. But 
[ m r ' -  m~'} = [  Y~scs(b~'- I = I c , (bp-  b~') l =}cil = 0  or 1. Therefore c, = 0 ,  
1 or - 1 .  

LEMMA 2.7. Let B (s+l)×2s -- B be any matrix containing two row vectors b~, 
bj whose sum is the unit vector. Let B~ be the matrix obtained from B by deleting 
the row vector b~. I f  no two columns of B z are identical, then B ,~ B(2 s+l)x2s. 
See 1.10). 

Proof. The 2 ~ columns of Bt comprise the set A s (See 1.7) because no two 
columns are identical. Thus appropriate row and column permutation will bring 
B into the form B (s+l)x2s . 

The most difficult part of this work is 

TI-IEOREM 2.8. B (~+1)×2~ , i = 1,2, and those matrices obtained from B~ (~+~)~2s 

by row and column permutations, are the o n l y  m i n i m a l  c.s.i.b, having 
n = 2 ~ columns. 

Since the proof of this theorem begins in this section and continues in section 
4, we shall first give an outline of the proof. 

We restrict ourselves to those c.s.i.b, which satisfy a 0-condition and a 2-con- 
dition, this involves no loss of generality, because we shall prove that any c.s.i.b. 
having 2 s columns must satisfy these conditions. Under this restriction we consider 
the following cases, where in each case B s+l)x2s = B is a c.s.i.b.: 

Case a. The unit row vector (1,... 1)eB. (2) 

B ,-, Btx s + 1) × 2' (I_emma 2.9) 

Case b. The unit column vector (1,... 1)' e B. 
B ,,, B(1 ~+ I)~ 2 ~ (I.emma 2.10) 

Case c. There exists a row vector bl eB such that ~,~b/= 2 s-t. 

B ,,, B~ ~+ i)× 2 ~ for i = I or 2 (Theorem 2.8, part B) 

Case d. There exists a row vector b~ e B such that ~ b/< 2 s- i 

This case cannot occur. (Theorem 2.8, part A) 

Case e. There exists a row vector b~eB such that ~b/> 2 s-x 

This case cannot occur. (Theorem 2.8, part E) 

(2) We shall write b k ~ B if b k is a row vector in the matrix B, and similarly bkE B if b k is 
column vector in B. 
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LEMMA 2.9. I f  B t S + l ) × 2 S - B  is any  c.s.i.b, containing the un i t  row vector 
(1,-.- ,  1), then B~ s+ l)×zs ~ B. 

Proof.  Permute rows of  B so that  (1, ..., 1) is the last row. B contains 2 ~dif- 

ferent columns, all o f  which belong to A '+1. But A '+1 has exactly 2 s columns 

whose last components  is one. Therefore B contains exactly those 2 s columns. 
Similarly B~ ~+ 1)× 2 s contains the same 2 ~ columns. Therefore B~ S+1~× 2 s  " ~  B. 

LEMMA 2.10. I f  B (s+l)×2s - B  is a c.s.i.b, satisfying a O-condition (Def. 1.5) 

and containing the unit column vector (1, ..., 1)', then B ~ B~ S+)~ 2 s  

Proof.  Wi thout  loss o f  generality we can assume that  b l = ( 1 , . . . , 1 ) ' e B .  
Then b k ~ B = ~  b 1 -  b k ~ B  (Lemma 2.1). But A s+l is composed of  2 s pairs of  

columns of  the type b k, b 1 - b  k. Thus B contains exactly one of  each pair; i.e., 

b k ~. B'¢~ b 1 - b k ~ B for  all b ke A s+ 1. B is a basis o f  some completely separating 

M. Therefore, for any fixed j ,  j ¢ 1, there exists an m, = (m~, ..., m 2~) 
1 ~"~ s + 1 = "Eicib,~M such that mt = 0  = ,..,i=lci and m~= 1 for some j ~ l .  We shall 

establish three proposit ions:  

PROPOSITION I. There exist io, Jo such that Cio = 1, Cjo = - 1, ci = 0 for all 

i ~ i o , Jo. 
Indeed, there exist i o, Jo such that Cio = 1, cjo = - 1, because ~ i c i  = 0, some 

c i ~ O, and all c i = 0, 1 or  - 1 (Lemma 2.7). Suppose proposit ion I is not  true. 

Then there exists ci, -- 1, ii ~ io (or there exists ci, -- - 1, j ~ Jo). For  simplicity 

permute rows so that io = 1, Jo = 2, i~ = 3. 
Let b k -- (1,0, 1,0,0, . . . ,0,0).  

Then b t - b ~ = (0,1,0,1,  1,-.-, 1, 1). 

b k E B =~ m k = c 1 + c a = 2. 

b l - - b k e B = ~ m k =  ~., ci = ~ c i - - c l - - c 3 = 0 - - 2 = - - 2 .  
i ~ l ,  3 i 

But either b k o r  b ~ - b k must  belong to B, and in either case we get a contra-  

diction since M is an incidence matrix. A similar argument  shows there does not  

exist cj~ = - 1 , j  1 ~ J o .  

PROPOSITION II.  B contains 2 s- 1 columns b k such that  bi g = 1 and bko = 0, 

where io, Jo are as defined above. 

Let a k be any of  the 2 -1 column vectors in A s- l ,  such that ako = 1 and a k = 0. 

Then a k ~ B (because a k e B ~ ink= Cy o = -- 1). Therefore all  o f  the 2 ~-1 columns 

o f  form 1 - a k = b k, where bjko = 0 and b~o = 1, belong to B. 

PROPOSITION I I I .  bio = (1, . . . ,  1) ~ B. 

By Proposit ion II ,  bjo has at least 2 ~- ~ zeroes. By the 0-condition satisfied 

by B, bjo has at most  2 ~- 1 zeroes. Therefore bjo has exactly 2~- ~ zeroes. I.e., there 
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exist exactly 2 s-  ~ columns in B such that  bko = 1, and therefore in these columns 
k k b~k=l ;  there also exist 2 s-1 columns b k such that  bjo = 0  and b~o-- 1. I .e . ,  

bio = (1, . .- ,  1). 

P roo f  of  Lemma  2.10. Since (1, ..., 1 )e  B, B ,-, Bi  ts+ t)×2 s . ( L e m m a  2.9). 

L e m m a  2.11. I f  B (s+l)×2s = B is a c.s.i.b, satisfying the 2 condit ion and the 

0-condit ion (Def. 1.4-5) and if (1,--. ,  1) ¢ B and if B contains some column vector  
which is everywhere zero except in one component ,  then B ~ B2 is+ 1) × 2 s 

Proof.  Wi thout  loss of  generality, let b 1 = ( 1 , 0 , 0 , - . . , 0 ) ' e B .  Let  a k be any  
column o f A  s+l for  which a k = 1. Let a k*= a k -  b 1. Then,  by L e m m a  2.1, ak~.B 

. ~ a k * ~ B .  

Let B] be the matr ix  obtained f rom B by deleting row 1 of  B. Then since B~ has 

no two identical columns, it contains all 2 s columns of  A s, and in part icular  

(1, . . . ,  1)' e B~" ; therefore b j° = (0, 1 ,1, . . . ,  1)' e B, for  some Jo,  since (1, . - . ,  1) ¢ B 
(1,- . . ,  1)' cB .  ( L e m m a  2.10). 

We will p rove  b~ = (1, . . . , 1 ) -  bk, which will complete  the proof ,  apply ing  

L e m m a  2.7. We distinguish two cases. 

Case (1). There exists a column b p :~ b y° = (0, 1, ..., 1)', b g e B such tha t  b~' = 0. 

Case (2). b~ -- 1, all p # J o .  

Case (1). Since B is the basis o f  a completely separat ing M, there exists 
2 s 

mR = (m~, . . . ,  m R ) = ]~eib i e M such that  m~ = 1 and m~ ° = 0. We shall prove  
three proposi t ions:  

PROPOSITION. I. e I = 1. 
F r o m  the beginning o f  the p roo f  of  this lemma,  we know that  there exists 

(bq)~ ebb" such tha t  b f +  bf l= 1, all i # 1. But m~ ° = Z, eib~ ° = Y~+le2 i - 0, and 

m~ = ]~+1 e,b~ = z'~2CiViVs+lLp = 1. Therefore ~s2+l c ib~= - 1. 

But r n ~ =  Z ]  -1 c,b q , = - l + c ~ b ~ = O  or 1. Therefore elb  ~ = 1  or 2; i.e., 

b~ -- 1 and e 1 = 1 or 2. But (1,0, . . . , O ) ' e B  :~ m~ = e I = 0 or  1. Therefore c a = 1. 

PROPOSITION II .  There exists exactly one Cio which is equal to - 1. 

Obviously  there exists at least one Cio = - 1. Suppose eio = ci, = - 1, io # it. 

Since n~ contains all the columns of  A s, there exists (b k) ] G e for  which b~o = b~, = 1 

and b~ = 0, all i # i o, i l ,  1. 

R R k ci,b k b k -  kbio-b k b k 2 < 0 ,  m t =  Clbl + Ciobi o + = = - 

because b k = 0 or  1. But m k = 0 or 1 and we have a contradiction. 

PROPOSITION I I I .  b I = (1, . . . ,  1) - bko for  some ko, 1 < ko < s + 1. Indeed,  
~ s + l  i=2 e i = O a n d c i o = - l ,  2 < i  o < s + l a n d e ~ = 0 o r  l fora l l i ,  2 <  i < s + l  

and i # io, by L e m m a  2.6 and Proposi t ions I - I I  o f  this lemma.  Therefore  
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there exists a k o such that Cko=l, 2 < k o  < s + l ,  and c~=0 ,  i # l ,  io, ko. 
Since B2 contains all the 2 ~ columns o f  A ' we know that  there exist: 

a) 2 s-z  columns bke B such that bko = 1 and b~o = 0 

k 0 b k = 1 b) . . . . . . . .  bto = o 

k 1 and b~ o = 1 c) . . . . . . . .  b~ o = 

d) . . . . . . . .  bko = 0 b~o = O. 

In case (a) m, k = clbkt + c,ob,ko = b t -  1 = 0 or 1 ~, b] = 1. 

k = cxb] +Ckobkko = b k + l  = 0 or 1 ~, b] = O. (b) m, 

Therefore  rows bio and b~ have at least 2 ' -  x identical components,  and since 
B satisfies a 2-condition they have at most T - ~  identical components.  Therefore 

in case (c) b/ko = 1 ~ b] = 0  

(d) b,ko = O # b ]  = 1. 

Therefore  bko + b I = (1, . . . ,  1). 

Case(2). Consider somecolumn (bP). Thereexists(bq)7 eB; suchthat(bP)]  +(bq)2 
2 s 

= (1, ..., 1)'. There exists m k =  ~,c~bi = (m~, ..., mk ) e M such that m~ = 1 and 

m ~ =  O. m~ = Zc,b] = c,b a = c, = 1. 

s+  l s+ l s+ l 

m ~ = O =  ]~ eib~+cabPt= Y. c,b~ + 1 ~ ]~ e i b ~ = - l .  
2 2 2 

s + l  s + l  

ct(bl~+b~ = ]E c ~ = m  j ° = O  or 1. 
2 2 

Therefore  Z "+t2 c~b7 = 1 or 2, and ]~+lctbiq= clb~+ Z~+lcib~ = m~ = 2 or 3. 
Thus we get a contradiction since M is an incidence matrix, and Case (2) cannot  

occur. 
3. Inequalities. We now list a few inequalities involving integers which are 

needed to complete the p roo f  of  theorem 2.8. The proofs are simple and will be 

omitted. 

LEMMA 3.1. I f O <  ( 2 p ; k ] < 2 2 P + ~ f o r  some P = P o ,  where p, k and r 

are integers, a n d i f ( k - 2 r ) 2 < 2 p  + \ v T ' I =  k +  2, then(  2P + rk )<  22~+s for a l l p +  P~Po.  

Proof.  By induction on p. 

LEMMA 3.2. I f  q, k are integers and a = 0 or a = 1, then q(q - 1) + (k - q) 

(k - q - a) >= k(k - a -  1)/2. l f  a = 0 equality holds if and only if q = [ ( k  + 1)/2]. 
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I f  a = 1 equal i ty  holds i f  and i f  q = k/2. 

LEMMA 3.3. I f  q, k are integers then ( q - l )  2 + ( k - q + l )  ( k - q - a )  > 

k(k  - a - 1)/2) f o r  a = 0 and all q, and f o r  a = 1 and all q v~ (k  + 1)/2. I f  

a = 0 equal i ty  holds i f  and only i f  q = I-(k+2)/2].  I f  a = 1 equal i ty  holds i f  and 

only  i f  q = k / 2  or q = ( k / 2 ) +  l. For a = l,  q = ( k  + l)/2, ( q - l )  2 + ( k - q + l )  

(k - q - 1) = {k(k  - 2) - 1}/2. 

4. Dimension and characterization ot minimal completely separating bases and 
matrices. We shall comple te  the p r o o f  o f  theorem 2.8 by  induction,  in this 

section. Before  proceeding, however,  we mus t  first make  use of  the induct ion 

hypothesis  in order  to generalize L e m m a  2.5 to matr ices  having n columns,  where 

n is not  necessarily a power  o f  2. 

LEMMA 4.1. Let  s be a f i xed  positive integer. I f  it is true that B/(s+l)×2s, and 

those matrices obtained by permut ing  the rows and columns of  B, (s+l)x2s , i = 1 

or 2, are the o n l y min imal  completely  separat ing incidence bases f o r  a m a t r i x  

having 2 ~ columns, and i f  B ~ ×" is a m in ima l  c.s.i.b, f o r  n, 2 ~ < n < 2 s+l ,  then 

q = s + 2 .  

Proof .  Obviously q < s + 2. Indeed by L e m m a  2.4, Bi t~+ 1)× 2 s is a c.s.i.b.; hence 
any restriction of  Bi (s+2) × 2s+ 1 to n columns is a c.s.i.b., i = 1 or 2. 

I t  suffices to prove  q > s + 1 for  n ~ = 2 ~ +  1, since were there a c.s.i.b. 
B(S + 1)x (2S+k)for any k > 1, a restriction of  this matr ix  to 2 ~ + 1 columns would be 

completely separating for  k = 1. 
Suppose B - B qx(2s+ l )  is a c.s.i.b, and q < s + 1. Let b~eB,  b~ ~ (1, 1, . . . ,  1). 

Then b/1 = 1, b~ "2 = 0 for  some J r ,  J 2 .  Let B* be the matr ix  obtained f rom B by 
deleting column J l .  Then B* has q rows and 2 ~ columns,  where q __< s + I ;  hence 
it is a minimal  c.s.i.b. Therefore if  the only minimal  c.s.i.b, for n = 2 ~ are per-  

muta t ions  of  B~ (~+1)×2~, then B* must  be such a permutat ion.  Therefore,  any 

row of  B* not  identically one has exactly 2 ~-1 ones and 2 ~-1 zeroes. Thus  the 
ith row of  B has 2 ~- 1 + 1 ones and 2 ~- 1 zeroes (since b{ 1 = 1). Similarly, if  we 

delete column J 2 ,  w e  find that  the ith row of  B has 2 s-  1 ones and 2 ~- 1+ 1 zeroes 

(since b, j~ = 0), and we arrive at a contradiction, thereby proving that  q = s + 2. 

LEMMA 4.2. Let B ¢×~ by a c.s.i.b. Then  i f  n > 2 ~, q > s + 2. The  proof  is 

trivial and will be omit ted.  
We shall now complete  the p roo f  o f  theorem 2.8 by induction on s. Fo r  s = 1, 

the only possible row vectors of  a basis are (1, 1), (0, 1), and (1, 0), and any two 
~ 2 x 2  such vectors  fo rm a minimal  basis o f  the fo rm ~J~ , i -- 1, 2. 

Suppose the theorem is true for  matrices having 2 t columns,  t < s. We shall 

prove  the theorem for  matrices having 2 ~ columns, dividing the p roo f  into five par ts ;  

PARTA. Anyc . s . i . b .B  (~+1)×2~ - B  satisfies bo th  the 0-condition and  the 2 

condition. (See Definitions 1.4 and 1.5). 
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Proof of Part  A. Suppose B does not satisfy the 0-condition. Then, without 
loss of  generality we may assume that there exists a row bi in B such that b / =  0 
for all j < 2  s - t + k , 0 < k < 2  s - l , a n d  b / = l  for all j > 2  ~ - l + k .  B i s a  basis 

of a c.s.i.m.M. 
Let B* be the matrix obtained by restricting B to the first 2 ~- a + k coluumns, 

with the ith row deleted. 
Let M* be the matrix obtained by restricting M to the first 2 ~- a + k columns. 

Then B* is a c.s.i.b, of M* having the dimensions s x (2 s- 1 + k) which, by the 

induction hypothesis and Lemma 4.2, is impossible. 
Suppose B does not satisfy the 2-condition. Then, without loss of generality 

we may assume that there exists 2 row vectors b l ,  b2 such that b / =  b~ for 
j = 1, . . . ,2 ~-1 + p , p > 0 .  

Let B* be obtained by restricting B to the first 2 s- 1 + p columns, with the first 

row deleted. 
Let M* be obtained by restrincting M to the first 2 s- t +  p columns. Then 

B* is a c.s.i.b. (of M*) of dimension (s) x (2 ~-1 + p), which, by the induction 
hypothesis and Lemma 4.2, is impossible. 

Therefore B satisfies both the 0-condition and the 2-condition. 

PART B. I f B  (~+l)x2s = B  is a c.s.i.b, and if there is a bi~B such that bi has 
exactly 2 ~-t components equal to zero, B ~ B~ (*+ x)× z s, i = 1, 2. 

Proof  of part B. Without loss of generality we may assume that bl e B and 

1 j > 2 ~- 1 Let B* be obtainedby restricting B to the first 2 ~- 1 columns 

with the first row deleted. 

Let M* be obtained by restricting M to the first 2 s- 1 columns. 

Then B* is a c.s.i.b, of dimension s x 2 -a ,  and therefore by the induction 
hypothesis, B* ~ B~ × 2 s - ' ,  i = 1 or 2. Therefore there exists a column vector in B* 
which is everywhere zero except in one component which component is equal 
to one. Therefore there is also a column vector in B which is everywhere zero 
except in one component, which component is equal to one. 

Thus by Lemmas 2.9 and 2.11, B ~ B} s+l)x2s, i = 1 or 2. 

PARTC. Let B - B  (~+l)×2s be a basis of  a c . s . i . m . M .  If  there exists a row 
vector b~oeB such that 2s> ] ~ i b / > 2  *-x, then 2 " >  ] ~ j b { > T  -x for all 

2 s 
i =  1 , . . . , s  + 1, and if m k =(m~,...,mk )eM then 2 ~> ~,jm~> 2 s-x. 

Proof of Part  C. Suppose there exists a b,o ~ B such that 2 s > ]~j b~ > 2 ~- t. 
Xj bj > 2 ~- 1 for every i, by part A. 

If  ]~y b] = 2 ~- x or 2 ~ for some i, then by Part B and Lamma 2.9 we know that 
B ~ B~ s+x)×2" , i = 1 or 2 and then for each i, including io, ~-,jb j, = 2 *-i  or 2 ,  

contrary to our assumption. Therefore 2 ' >  ~,jb/> 2 ~-a for every i. Let 

mk= XZicib, =(m~,'",rn2kS)~M, ink# bio. Then there exists a Jo, Jo # io, 
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such that  cj~ ~ O, and {bl, . . . ,bjo_ t ,  mk, bjo+l,...,bs+2) is also a c.s.l.b, con-  
taining bio. Therefore by the first half  o f  this proof ,  2 s > ~ j m ~  > 2 s-  2 

PART D. I f  B - B C~+ 1~ × 2 s is a c.s.i.b, of  a c.s.i.m. M and if there exists a b~ E B 

such that  2 ~ > ~ j  b[ > 2 ~- x then there is an m k 6 M, such that  m k -- ~,icib~ where 

c 2 = - l a n d  Z ,  c i = 0 , 1 o r 2 .  

P roof  of  Par t  D. ( 1 , 0 , . . . , 0 ) ' ¢ B  and (0 ,0 , . . . , 0 ) '  CB, Lemmas  2.2, 2.9 and 

2.11. Let B* be obtained by deleting the first row of  B. B* zb A s since (0, ..., 0) '  ¢ B*, 

and therefore B* has two identical columns (bJ') * = (bJ2) *. Since by L e m m a  2.2 

B does not  have two identical columns,  we may  assume tha t  btJ~= 1, bx J '  = 0. 
By the definition of  a completely separating matrix,  there must  exist a row 

m k ~ M  where m k =  ~,qbi with m ~ ' =  0, and mk j 2 =  1. Consequent ly  

m ~ ' -  m~ 2= - 1 = ~ , c , ( b / ' -  b/~) = c a . 

By Lemmas  2.10 and 2.2, (1, ..., 1)' CB and (0, . . . ,0) '  q~B. 

Therefore,  there must  be some pair  o f  columns b p and b q, both  in B, whose sum 

is the unit vector, for  if  not  we would have in B, exactly one column o f  each 

o f  the 2 ~ such pairs. But we have exhibited one such pair, namely (1, ..., 1)' and 

(0, . . . ,0) ' , lnei ther  of  which is in B. I t  follows that  ]~ic~=0, 1 or 2 since mk = 0 o r  1 

for  every j ,  and m ~ +  m q = ~,ci(b~ + b~) = ~2ici. 

PART E. I f B  ~'+2)×2~ = B is a basis o f  a c.s.i.m. M then ~,jb/= 2 ~-2 or  2 ~ 

for  any b ~ B  and B ~ B, (~+1)×2~, i = 1 or  2. 

P roof  of  Pa r t  E. (by contradiction).  Suppose there exists a b~e B such tha t  
]~j b{ ~ 2 s-  2, and Y_,j b{ ~ 2 ~. We know ]~j b{ > 2 ' -  2 (Part  A, by the 0-condition) 

2 2 ~ Therefore 2 ~ > ]~j b / >  2 ~- 2. Then there exists an m~ = ]~j cjbj = ( m , ,  ..., m o )  e M 

such that  2 ~ > ]~j m{ > T -  2 and c2 = - 1, ~ ,  ci = 0, 1 or 2 (by Par ts  C and D). 

Thus there must  be more than 2 ~- 2 columns b p in B for  which ]Ei ct b~' = moU -- 1. 
We shall prove that  there are at most 2 ~-~ such columns. Before proceeding, we 

shall first give an example.  

EXAUPLF. Let ]~ic~ = 1, and let there be only one ci which is equal to - 1 .  

Wi thout  loss of  generality we may  assume that  c2 = - 1, c2 = ca = 1 and c~ = 0 for  

i > 3. Let b p be a column in B. Then ~,~cib~ = 0 or 1. I f  VZ~c,b~ = 1, the first 

three components  of  b p must  be as in ,  one of  the following three cases: 

(1) b p = ( 1  1 1 . . . ) ' ,  (2) b ~ = ( 0  1 0 . . - ) ' ,  or  (3) b p = ( O 0  1 . . . ) '  and if 

Z~cibf=O, the first three components  must  be as in: (4) b ~ = ( 0  0 0 . . .) ' ,  

(5)b p = (1 1 0 ... ) '  or (6) b ~ = (1 0 1 . . .) ' .  We shall say that  a column is of type 
i if  and  only if its first three components  are as in case (i). Suppose B has t~ columns 

o f  type i, i = 1, . . .  6. 

(1.1) t~ < 2 s-2 for  all i; since each column type has three fixed components ,  

and  the remaining s - 2 components  may  be either 0 or  1. 
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B = 

MINIMAL BASIS OF A COMPLETELY SEPARATING MATRIX 

~E~ t~ = 2 *. The matrix B has the following form: 

bi 

b2 

ba 

bs+ 1 

1...0...0...0.-.1...1... 

1...1...0...0...1...0... 

1...0...1..,0...0...1... 

• • • , • , 

• • • • • • 

• • • ° • ° 

¢ 1 = - - 1  

e 2 = l  

c3 = 1  

C i = 0  

165 

~Ec~bi = my = (1.. .1.-.1.. .0. . .0. . .0. . .)  
i 

where each column type (i) appears t~ times. Thus the nunmber of components 
in rows bl and b2 which are identical is tl + t3 + t4 + ts ; the number of com- 
ponents in rows b 1 and b 3 which are identical is t 1 + t2 + t4 + t6. By Part A, the 
2-condition, we find that 2t 1 + t2 + t3 ÷ 2t4 + ts + t6 ~ 2 s. Together with 
equation (1.2) this gives tl = t4 = 0. Using inequality (1.1) we find that there are 
at most t2 + ta < 2 s-1 columns b p in B such that ~E,cib/'= 1, contradictory to our 
assumption that Z j  m{ > 2 ' -  1. 

We now proceed to the proof of part E. We may assume, without loss of gene- 
nerality, that the rows of B are so ordered that c, = - 1 for 1 < i < h, c, = 1 for 
h < i < h + k  and c , = 0  for i > h + k .  Let I i={ i : c~=j  }, I P = { i : b [ = l } .  
Let I A I denote the number of elements in the set A. By Lemma 2.6 and part D of 
this theorem, 1/_1 [ = h # 0, 111 [ = k >_- h and [Ij [ = 0 i f j  ~ 0, 1, - i. 

Let X be the set of all possible column vectors ~J of length s ÷ 1, satisfying 
(a) ~[ = 0 or 1 for 1 _< i -< s + 1, and (b) ~i ~i '= 0 or 1. The columns of B form 
a proper subset of X. We shall define a partition of X into equivalence classes 
called types; two columns ct p, ~t in X belong to the same type if and only if 
0t~' = ~ for all i ~ 11UI_ 1. This is obviously an equivalence relation. Let A = {7} 
be the family of types. We shall now partition A into two equivalence classes A o 
and A1, where A i = { ~ : ~ A  and if ~Vis a representative of type ct, then 
~ j  ej~ff = i}. This definition is independent of the choice of a representative, for 

if ~P and t are both of type ~, then ~jej~j = ~jcj~ i. AortA1 = ~ ,  and 
A 0 U A 1 = A, since by definition ~Ej c j ~  = 0 or 1. 

I f  ~ ' ~ A o  then there exists an integer q, 1 _-< q < h ÷  I, such that (1.3) 
]I p n I - l [ = l  I p n l l l = q - 1  and if ~ P ~ A  1, there exists an integer q, 
l < q < = M i n ( h + l , k ) ,  such that ( 1 . 4 ) [ I V ~ I - l [ = q - 1  and [IPc~Ii[=q. 
We shall use these q's to partition the sets A0 and A1. Let A(q, i) = {~ : o~ ~ A~ and 
if ~ '  is a representative of type ~t, then 1 I ~  I_ 1[ = q - 1}. This definition is 
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independent of the choice of representative, for if gP and ~ tboth belonge to the 
class ~, IP=I  t. The sets A(q,i), l=<q__<min(h+ 1, k) are disjoint and their 

columns i ~ X  which are of type g is (1.6)Ig[ = 2s+l-O'+k)" We shall denote by 

B 1 the set of columns b P 6 B  for winch ~.,cib~ = m ~ - -  1. Obviously 
B1 -- {gP: gP is a representative of~, ~x~A(q, 1) for some q, 1 __< q __< min(h + 1,K)}, 

and consequently (1.7)]B 1 ] __< Is] ~qlA(q, 1)]. 
I f  a columns aP is a representative of  the class ~ we shall say that aP is of type ~, 

and if two columns belong to the same class 0~ we shall say that they are of the same 
type. 

Let t, be the number of columns of type a which are in the matrix B. 
Consider any pair of row vectors b j, bw in B such that j e I_ 1, w e 11. If  by = b~ 
for some column b p e B, then by = b~ for every column b" in B of  the same type as 
b p. Thus we may define the set C,,~ of all the types a for which the jth and w th corn- 

_ • P _ _  P ponents of any column of type a are equal. Thus C,,~ - {~. b~ - b~, if b p is of  types}. 
By part A, the 2-condition, we find that the number of  identical components in rows 

bj and b,, is 

(1.8) Y~ t,-<_2 ~-1. 
ECwj  

Summing over all kh pairs (w,j), we arrive at 

(1.9) ]E ~. t~= E a~t~< kh2 s-I 
w e l l  ~ e C w j  cteA 
jet-1 

where a~ simply denotes the numerical coefficient of t~ in the expansion. The total 

number of columns in B is 

(1 .10)  ]~ t, = 2 s. 
~ t e A  

For any ~, a~ is actually the number of pairs (w,j) for which ~ e C~,~. Let ~ ~ A(q, i) 
ff b~, = b~. There are and let b p be a representative of ~. Then ~t e C~j if and only " P P 

P _ _  exactly (q - 1)(q - 1 + i) pairs (w,j) such that bg = b i - 1 and (k - q + 1 - i) 

(h - q + 1) pairs such that b~ = bff = 0. Thus, for any q. 

(1.11) a , = q ( q - 1 ) + ( k - q ) ( h - q + l )  i f ~ a ( q , 1 )  

(1.12)1 a , = ( q - 1 )  2 + ( k - q + l ) ( h - q + l )  i f~eA(q ,0 ) .  

We shall distinguish three cases: 

q - 1  

Z ~ ( q _ l ) ( q ) = ( k 2 k l k  k _ ) < 2 2 k - 2 ( L e m m a 3 . 1 ) ( S e e [ 1 ] p .  48). Therefore 

I Ba [ <= 2 s- ~ (Equation 1.7) contrary to the assumption that 1~, m~ > 2 ' -  t. 
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Case (2). ~ici = 1. Here h = k - 1 and equations (1.11) and (1.12) become: 
a ~ = q ( q - 1 ) + ( k - q ) 2  i f0 t sA(q ,  1) and a ~ = ( q - 1 )  2 + ( k - q + l ) ( k - q )  if 

>___ k(~_- 1) 
c~ e A (q, 0). By Lemmas 3.2 - 3, a~ for all c~ e A, while for e E A (q, 1), 

a~ = 2 if and only if q = . Using equation (1.10) we find that 

~ , ~ a a ~ t ~ > k ( k - 1 ) 2  ~-1 which, together with (1.9) means that ~ A a ~ t ~ =  

k ( k - l !  and thus if e s A ( q ,  1), = k ( k - 1 ) 2  ~-1 Therefore t ~ ¢ 0 ~  a ~ -  2 

q = . Consequently if b~eBx,  b p must be of  type e, e e A ( q ,  1). If  k is 

even, then q = ~ - - a n d l A  , 1 l =  < 2  2k-a (Lemma 3.1), 

andl l 
tion that ~,pmPv > 2 ~-1. If  k is odd, q - 

k + 1 < 2 2k-a 0-emma 3.1), 

which, as above, is a contradiction. 

= 2 s + l - ( 2 k - 1 )  = 2 s + 2 - 2 k  Therefore B~ < 2 ~-x contrary to the assump- 

(k + 1) ~ k + l '  
2 and I A ( 1 )  

1 1---2 and IB I 2 

Case (3). ]~,c~ = 2. In this case h = k -  2 and equations (1.11) and (1.12) 
become a ~ = q ( q - 1 ) + ( k - q - 1 ) ( k - q )  if ~ A ( q ,  1) and a ~ = ( q - 1 )  z +  

+ (k - q - 1) (k - q + 1) if ~ e A(q, 0). For k even, a~ > k(k - 2)an d if ~ ~ A(q, 1) 
= 2 

k 
equality holds if and only if q = - ~  (Lemmas 3.2-3.) Thus t~ ~ 0 and 

e ~ A ( q ,  1 ) ~ a ~ - ~ ~ e e A  --~,1 . A -~ ,1  = __k _ 1 --k = 

2 2 
< 2 2k-4(Lemma 3.1), and I~l = 2 s + l - ( 2 k - 2 ) =  2 s - 2 k + 3  Therefore I B 1 1 < 2 ~-1. 

If  k is odd a, > ~ k ( k  - 2) for ~ E A (q, 1). Therefore a,  - 1 > k(k2- 2) 21 for 

e A (q, 1). Also a~ > k(k - 2) - 1 2 if ~ ~ A (q, 0), by Lemmas 3.2-3. Consequently 

~ A 1  [ a ~ - - l ]  t~+ ~,~Aoa~t~ > k ( k - 2 ) - I  . 2s" But k(k - 2)2 -1 
= 2 = 

[k(k - 2) - 1] . 2s + 2~_1, and by equation (1.9) ~,,~aa,t ,  < k(k - 2)2 ' -1 .  
2 = 

Therefore E ,  ~A, t, < 2 ~- a, and [ B~ I --< 2~- ~, which contradicts the assumption 
that Zp m~ > 2 - 1 
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We have proved in each case that the assumption that there exists a b~ e B such 

that ~y b{ ~ 2 s-~ and ]~j b / ~  2 s leads to a contradiction, completing the proof  

of  part E. 

To conclude the proof  of  the theorem we note that since there is only one row 

vector b~, namely the unit vector, for which ]~j b / =  2 s, there must be a vector 
b~ in B such that ~ j  b / =  2 s-  1. We then apply part B to complete the proof  by 

induction. 

Theorem 2.8 and Lemma 4.1 may be combined into: 

THEOREM 4.3. I f  B ~×n = B is a min imal  c.s.i.b, and 2 s-1 < n <-_ 2 s, then 

q = s + 1. I f n  = 2* then B ,,~ Bt(S+t)x28for i --- 1 or 2. 

THEOREM 4.4. There  is only one c.s.i.m. M (up  to row and column permuta-  

tions) having 2 s columns which is min imal  in the sense that both its basis is 

m in ima l  and that no subset o f  rows of  M is completely separating. M is the 

matr ix  whose first s rows m l , " "  ms are identical to the first  s rows o f  B(I s + t×2,) 

and whose remaining  s rows are ms+~ = (1,...  1) - mi, i = 1,.. .  s. 

Proof. Let N be any c.s.i.m, having 2 s columns, whose basis is minimal. Then 
B~S+l × 2s) = B is a basis of  N, for B~ s+t× 2s) is the only other minimal basis, and if  
B~2S+ t × 2 s )  is a basis of N, then so is B~ + 1 × 2,) . Let bi, i = 1,-.. s + I, be the rows 

of  B as defined in (1.8). We shall first prove that for any row nk of  N, nk = b~ or 
n k = b s + l - b i  for some i, i=1 , - . ,  s, where bs+t is the unit vector, nk = Y~c~bi and 

since ( 0 , . . . 0 , 1 ) ' ~ B  and cl = 0 ,  1 or - 1 by Lemma 2.6, we have c,÷1 = 0  or 1. 
Suppose c~+ 1 = 1 and suppose c~ = 1 for some i # s + 1. Then there is some 

column b j in B which is everywhere 0 except in the ith and s + 1st components, 

giving nk j = 2, which is impossible. Similarly there is at most one c~ which is equal 
to - 1, for if there wre more than one such c~ we should get n~ = - 1 for some j ,  

which is impossible. Therefore if cs+l = 1, then nk = bs+t, or nk = bs+t - b~ for 
some i < s. Similarly if cs+~ = 0, then no c~ can be equal to - 1 and at most one c~ 

can be equal to 1. Thus nk = b~ for some i < s. We have proved that the rows of N 

form a subset of  the rows of  M with the unit vector added, we shall now show 

that if N is a proper subset of  M, it is not completely separating. Suppose N is a 

proper subset of  M. By symmetry, we may assume that  ml  is not in N. Then if 
nk = bl, n k1=1 = n k2s-l+l = 1  and if n k ----- b , + l - b t ,  then nkt = 0 .  Therefore 

there does not exist an nk in N such that nk t=  1 and n y  -~+1 = 0, which means 

that N is not a completely separating matrix. In Lemma 2.4 we proved that M with 

the unit vector added is completely separating. Obviously the unit vector is super- 
fluous, and we have proved that if N is any e.s.i.m, whose basis is minimal and 

which itself is minimal in the sense that no subset of  its rows is completely se- 

parating, then N ~ M. 
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