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ABSTRACT

We prove that thereis essentially only one p X 2% incidence matrix satisfying a
given separation condition, which is of minimal degree, and we find that matrix.

Introduction. A matrix (m]) whose entries are either 0 or 1 is called completely
separating if for every pair of columns j,, j, there are two rows i,, i, such that
mi'=mi*=0and m{>*=mi'=1.

In [2] M. Maschler and B. Peleg proved that the degree of such a matrix of n
columns is = 4, where 4, =2 + [log,(n — 1/2)] and gave an example of a com-
pletely separating matrix of n columns whose degree is precisely 4,.

In this paper we offer a different proof of the above result, and in addition we
show that for n =2° the example given in [2] is the only matrix of minimal
degree, up to addition of superfluous columns.

This combinatorial problem, in addition to its intrinsic interest, may be useful
in studying the properties of those kernels which have a maximal dimension.

1. Definitions and Notation.

DEFINITION 1.1. A matrix M?*" = (m{) of p rows and n columns is called a
completely separating incidence matrix (c.s.im.)if m{ =0or 1forall i =1,--,p;
i=1,---,n, and if for every pair of columns m’*, m’* there exists a pair of rows
m;,, my, such that

ml* =mj* =1 and m{*> = mi!=0.

DEFINITION 1.2. A matrix BY*" = (b{) is called a completely separating in-
cidence basis (c.s.ib.)if b =0or1,i=1,-,q and j = 1,---,n and if there exists
some completely separating incident matrix M?*" for which B?*" is a basis.

DEFINITION 1.3. B?*"is called a minimal completely separating incidence basis
if it is a c.s.i.b. and if B¥*" is any other c.s.i.b., then ¢’ > q.

DEFINITION 1.4, A matrix B**" will be said to satisfy a 2 condition if any two
rows of B have at most 29~ %jdentical components; i.e. if b;, b, are any 2 rows
of B then the set J = {j: b} = bj} has at most 22~ components.

DEFINITION 1.5. A matrix B 7" = B will be said to satisfy a O-condition if every
row of B has at most 2*~! zero components.
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NOTATION.

1.6 — We shall denote the ith row of the matrix BY*" = (b/) by b, and the
jth column by b’.

1.7 — We shall denote by A “the set of all the 2° possible column vectors of

length s whose components are either zero or one. Thus 4% = {G) ( (1)) (‘i) (g) }

1.8 — We shall denote by B**1*2* = (b/) the following matrix: b, = (1, -+, 1,
0,---,0,--+,1,---,1,0,+-+,0) for i =1, ---, s where we have 2°~* ones followed by
2°7! zeroes, repeated 2/~ ! times, and b/,, =1 for all j. For example, if s =3,
B$*® is the matrix

(111100 0 0)
1100110 0\
1 010101 0}
11111111

1.9 — We shall denote by BS**?* the matrix whose first s rows are identical
to the first s rows of By s+1%2* and whose last row b, =(0,1,0,1,---,0,1,0,1);
ie, bHi'=0,b,=1,j=1,2,---,2°" 1.

1.10 — We shall write B ~ C if the matrix C can be obtained from the matrix B
by column and row permutations.

In the following section we prove that the degree of a minimal c.s.ib. with
n =2° columns is s+ 1. In section 4 we determine the degree of a minimal c.s.i.b.
for any n. We also prove that for n = 2° columns there is only one c.s.i.m. M of
minimal degree, which is itself minimal in the sense that no proper subset of rows
of M is completely separating, and we characterize that matrix completely.

2. Properties of a Completely Separating Basis.

LeMMA 2.1. Let b’ and b’ be any two columns of a cs.ib. B=B"*",
Then the vector sum (b") + (b'*) is not a column of B.

Proof by contradiction. B is a basis of a c.s.i.m. M; let b’*, b/ b’ be three
columns of B such that (b') + (') =(b’®). Then b>*=1=b" =1 for all
i=1,--,q. Since M is completely separating and B is its basis, there exists a row
vector my= X,cb, =(my, -, m)eM such that mit =1 and m* =0. But

+mi*=X cs(b’ '+ b?) = X,cb* = mf* =0. Therefore mf*= — 1 contrary
to deﬁnmon of M as an incidence matrix.

{LEMMA 2.2. Let B**" =B be a c.s.i.b. Then (1) no two columns of B are
identical and (2) no column of B is identically 0,
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Proof by contradiction. B is a basis of a c.s.i.m. M. (1) Suppose (b’) = (b"),
j # k. Then (m’) = (m*), j # k are two columns of M, contrary to the definition
of M as completely separating. (2) Suppose (0,---,0)’e B. Then (0,---,0)" is a
column of M contrary to the definition of a ¢.s.i.m.

LemMA 23. Let B** =Bbeacs.ib. Theng = s+ 1.

Proof. Suppose g < s. Consider 4% = set of 2?< 2° different possible columns
of length ¢q. Since B has 2° columns. it must have two identical columns, contrary
to lemma 2.2.

Suppose g = s. Then 2? = 2°. Therefore either B contains two identical columns
or it contains gll the 2° columns of A° But (0,---,0)' € A®; therefore we have a
contradiction to lemma 2.2. Thus g = s + 1.

LEMMma 2.4, BUtDx2°

incidence bases.

» i =1,2 (see notation 1.8) are completely separating

Proof. Consider B{*V*?. Define the matrix M ®*D*% — M —(m) by
my=byi=1,-,5+ 1. my 4;=buy—b,i=1,-,s Therowsof Bf*D*? are
linearly mdependent Indeed, suppose there exist ¢; such that X.c;b; = (0,---,0).
Then since B**V*?’ contains every possible column vector of length s + 1 whose
last component is one, and whose other components are either zero or one, we have:
€+ Cuy =+ ¢+ ey =0forall j=2,--.,s. and all i #j, s+ 1. Therefore
¢;=0forj=2,---;s,and ¢4y =0=c¢,.

Obviously B is a basis of M.

Let m’*, m’* be any two columns of M. Since no two columns of B are identical,
there exists some row b;, i, in which m{! =1 and m>=0, (or m{! =0; and
mi=1),i <s+ 1. Therefore

i — Jr j2 _
ms.1+1+io —1 m 0 and ms+1+,o 1 - mi{) -_ 1.

Therefore M is completely separating.
s s
B$*D*% s also a basis of the above defined M. Therefore Bt V*% i =1,2
are completely separating bases,

LemmA 2.5. If B? is a minimal c.s.ib., then g =s+1.
The proof follows immediately from the two preceding lemmas.

LemmA 2.6. Let the incidence matrix B®*V*% = B = (b/) be a basis of the
csim. M) =M = (mf). Then m=ZTcbeM=¢,=0,1 or —1 for
P=1,5+ 1.

Proof Let B, be the matrix obtained from B by deleting row b,. Let (b?), =
b b2 1, b%y, ) ; ie., the pth column of B,. We distinguish two cases:
Case (1): B; has no two identical columns; thus all 2° different columns of
A belong to B,. In particular (b*),=(0 ---,0)' for some p; Therefore, by
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Lemma 22, (0,--,0,1,0,---,0)' =b". Let m, = Xechb,=(ml--, m¥)eM.
= X, c;bP = ¢,bf*= ;. Therefore, since M is an incidence matrix, ¢; is equal
to O or 1.

Case (2). B, has two identical columns, say (b?"), = (b*),, p; # q;. By Lemma
2.2 we can assume that b? =1, b;“ =0. Let m,=(mj, -, m)= X cbeM.
Since mi =0 or 1 for all j=1,---,2° we have Imk —m"" =0 or 1. But
| mpt— mit| =| Zyc (bl — b )| =| l(b"‘— b#)| =|c| =0 or 1. Therefore ¢; =0,
lor —1.

LemMA 2.7. Let B ¢*9*% = B be any matrix containing two row vectors b,
b; whose sum is the unit vector. Let B; be the matrix obtained from B by deleting
the row vector b;. If no two columns of B, are identical, then B ~ Bf*V*¥
See 1.10).

Proof. The 2° columns of B, comprise the set 4° (See 1.7) because no two
columns are identical. Thus appropriate row and column permutation will bring
B into the form B§+D*2"

The most difficult part of this work is

TaeoReM 2.8. BEU*? i = 1,2, and those matrices obtained from B, ¢*9*?’
by row and column permutations, are the only minimal c.s.i.b. having
n = 2° columns.

Since the proof of this theorem begins in this section and continues in section
4, we shall first give an outline of the proof.

We restrict ourselves to those c.s.i.b. which satisfy a O-condition and a 2-con-
dition; this involves no loss of generality, because we shall prove that any c.s.i.b.
having 2° columns must satisfy these conditions. Under this restriction we consider
the following cases, where in each case B**V*% = Bisa csib.:

Case a. The unit row vector (1,---1)e B.(?)
B~B§tP*2  (Lemma 2.9)

Case b. The unit colusmn vector (1,-+-1)"€B.
B~B*U*%  (Lemma 2.10)

Case c. There exists a row vector b; € B such that X,bj =251,
B~BS*9*?  for i =1 or 2 (Theorem 2.8, part B)

Case d. There exists a row vector b; e B such that X, b/ < 271,
This case cannot occur. (Theorem 2.8, part A)

Case e. There exists a row vector b; e B such that X;b{ > 2°7!
This case cannot occur. (Theorem 2.8, part E)

(2) We shall write b, € B if b, is a row vector in the matrix B, and similarly b*e Bif b* is
column vector in B.
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s
LemMa 29. If B**Y*2 = B is any c.s.i.b. containing the unit row vector
5
(1,-,1), then BS*V*2 L B,

Proof. Permute rows of B so that (1,:--,1) is the last row. B contains 2 *dif-
ferent columns, all of which belong to 4°*!. But A°*! has exactly 2° columns
whose last components is one. Therefore B contains exactly those 2° columns,
Similarly B$*V*2” contains the same 2° columns. Therefore B+ 12" ~ B.

Lemma 2.10. If B¢*D*% = B is a c.s.ib. satisfying a O-condition (Def. 1.5)
s
and containing the unit column vector (1, ---,1)’, then B ~ B§ %% |

Proof. Without loss of generality we can assume that b =(1,---,1) €B.
Then b* ¢ B=b' — b* B (Lemma 2.1). But 4°*' is composed of 2° pairs of
columns of the type b, b* — b*. Thus B contains exactly one of each pair; i.c.,
b*eB<b' —~ b* ¢ B for all b *¢ A°*", B is a basis of some completely separating
M. Therefore, for any fixed j, j # 1, there exists an m, = (m!, -, mfs
= Y,c;b,e M such that m} =0 = XX]c, and m/=1 for some j#1. We shall
establish three propositions:

ProposiTiON I. There exist iy, j, such that ¢, =1, ¢;; = —1, ¢;=0 for all
i#ig,Jjo-

Indeed, there exist iy, jo such that ¢;; =1, ¢; = — 1, because X;¢; =0, some
¢;#0, and all ¢; =0, 1 or — 1 (Lemma 2.7). Suppose proposition 1 is not true.
Then there exists ¢;, =1, iy # i, (or there exists ¢;, = — 1, j # j,). For simplicity

permute rows so that iy =1, j, =2, i; =3.
Let b* =(1,0,1,0,0,--+,0,0).

Then b' — b* =(0,1,0,1,1,---,1,1).
b*eB=>m* =c¢, +c3=2.

b'—beB>mi= X ¢= X c—c—c;=0-2=—-2,
i#1,3 i
But either b* or b' — b* must belong to B, and in either case we get a contra-
diction since M is an incidence matrix. A similar argument shows there does not
exist¢;, = — 1, j; # jo.
ProposITION I1. B contains 2°7' columns b* such that b’ =1 and b% =0,
where iy, j, are as defined above.

Let a* be any of the 2 ™' column vectors in 4°”*, such thata} =1 anda} =0.
Then a* ¢ B (because a* € B = m} = c;, = — 1). Therefore all of the 2°~* columns
of form 1 — a* = b*, where b}, =0 and b, = 1, belong to B.

ProrositioN III. b, =(1,--+,1)e B.
By Proposition II, b;, has at least 2571 zeroes. By the O-condition satisfied
by B, b;, has at most 2°~! zeroes. Therefore b;, has exactly2;~" zeroes. Le., there
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exist exactly 2°! columns in B such that bf = 1, and therefore in these columns
by =1; there also exist 2°"! columns b* such that bk =0 and bf = 1. le.,
biy = (1, -+, 1).

Proof of Lemma 2.10. Since (1,--+,1)€ B, B ~ BE*P*?" (Lemma 2.9).

Lemma 2.11. If B*P*?° = B s a c.s.ib. satisfying the 2 condition and the
0-condition (Def. 1.4-5) and if (1,---,1) ¢ B and if B contains some column vector
§
which is everywhere zero except in one component, then B ~ B,¢* 1 *2"

Proof. Without loss of generality, let b! =(1,0,0,---,0)’ e B. Let a* be any
column of A°*! for which a* = 1. Let a**=a*— b'. Then, by Lemma 2.1, a*e B
<«a"*¢B.

Let Bj be the matrix obtained from B by deleting row 1 of B. Then since Bj has
no two identical columns, it contains all 2° columns of 4°, and in particular
(1,---,1) € By ; therefore bl =(0,1,1,---,1) e B, for some j,, since (1,:--,1)¢ B
=(1,---,1)" ¢ B. (Lemma 2.10).

We will prove b, =(1,---,1) — b,, which will complete the proof, applying
Lemma 2.7. We distinguish two cases.

Case (1). There exists a column b” # b’ = (0, 1,-++,1)’, b* € B such that b? =0.

Case (2). bf =1,all p #j,.

Case (1). Since B is the basis of a completely separating M, there exists
my = (m},,m?*)= Xeb,e M such that m{ =1 and m{® =0. We shall prove
three propositions:

ProrposiTION. 1. ¢ =1.

From the beginning of the proof of this lemma, we know that there exists
(b%; eBjg suchthat b7+ b2=1, all i # 1. But mi° = X¢bf°= X5 ¢, =0, and
mP = X5t o b? = T55IbP = 1. Therefore X5t cbi= — 1.

But mi= X}! ¢b?=—1+4+¢b!=0 or 1. Therefore c;bf=1 or 2; ie,
b? =1ande¢; =1or2 But(1,0,---,0)’e B=>m} =c, =0 or 1. Therefore ¢, =1.

ProposiTION II. There exists exactly one c;, which is equal to — 1.

Obviously there exists at least one ¢;,, = — 1. Suppose ¢;, = ¢;, = — 1, iy # i;.
Since B} contains all the columns of 4°, there exists (b*) ; € Bfor which b = b}, =1
and bf =0, all i # iy, i,, 1.

k_pk k
my = ¢(b} + ¢ by + ¢,bf =b{— b — b, =bj —2 <0,
because b* =0 or 1. But m¥ =0 or 1 and we have a contradiction.

ProrositioN IIL. by =(1,---,1) — b, for some k,, 1<k, <s+1. Indeed,
it e=0andc¢,=—1,2<i,<s+1landc=0or1lforalli,2< i<s+1
and i#i,, by Lemma 2.6 and Propositions I-II of this lemma. Therefore
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there exists a ko such that ¢, =1, 2<ky<s+1, and ¢; =0, i#1, iy, k.
Since By contains all the 2° columns of A* we know that there exist:

a) 2°"2 columns b*e B such that bj = 1 and by, = 0

b) i ’y 39 39 b{; =0 b:o =1
o 7 ” » bt =1tland bf =1
d) 2 *9 2 IR b!!co =0 bfo = 0.

Incase (a) mé =c b + ¢ bk =bf—1= 0or1=bi=1.
(b) mf=c,b% +e bt =bi+1= 0or1=bi=0.

Therefore rows b;, and b, have at least 2°~' identical components, and since
B satisfies a 2-condition they have at most 2°~* identical components. Therefore
incase (¢c) b =1#b% =0

@ bf =0#b} =1
Therefore by, + by =(1,--, 1).

Case(2).Consider some column (b°). There exists (b%); €B; suchthat (b%); + (b
=(1,-+,1)". There exists m, = Xc;b, =(my,---,mf )e M such that m{ =1 and

mf=0 mi= Xebl =cby =c¢, = 1.

s+1 s+1 s+1
ml=0= X ¢bP+c bl = X cb? + 1 = X ¢bl=-1.
2 2 2

s+1 s+1

T b+ b)) = X ¢;=mi°=0 or 1.
2 2

Therefore X5 ' ¢;b? =1or 2, and Xi{"'¢h?=c,bf+ T3 b =ml =2 or 3.
Thus we get a contradiction since M is an incidence matrix, and Case (2) cannot
occur.

3. Inmequalitics. We now list a few inequalities involving integers which are
needed to complete the proof of theorem 2.8. The proofs are simple and will be
omitted,

LemMa 3.1. IfO0< ( i’p++:()< 2%7*sfor some p =p,, where p, k and r

are integers, and if (k — 2r)2 < 2p+ k + 2, then( p+ k)< 22P*3 for all p Z p,.

p+r
Proof. By induction on p.

Lemma 3.2. If g, k are integers and a =0 or a =1, then q(q — 1) + (k — q)
(k—q—a)= k(k —a— 1)]2. Ifa =0 equality holds if and only if g =[(k +1)/2].
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If a =1 equality holds if and if q = k/2.

LemMa 3.3. If g, k are integers then (q — 1) +(k—q+1) (k—q—a) =
k(k —a — 1))2) for a =0 and all q, and for a=1 and all q #(k + 1)/2. If
a =0 equality holds if and only if q = [(k+2)/2]. If a =1 equality holds if and
onlyifq=kj2orq=(k/2)+ 1. Fora=1,q=(k+1)/2, (q=1)*+(k—-q+1)
(k- q—1) ={k(k—2)— 1}/2.

4. Dimension and characterization of minimal completely separating bases and
matrices. We shall complete the proof of theorem 2.8 by induction, in this
section. Before proceeding, however, we must first make use of the induction
hypothesis in order to generalize Lemma 2.5 to matrices having n columns, where
7 is not necessarily a power of 2.

LemMA 4.1. Let s be a fixed positive integer. If it is true that B&* V%% gnd

those matrices obtained by permuting the rows and columns of B,C*V*?" i =1
or 2, are the only minimal completely separating incidence bases for a matrix
having 2° columns, and if B**" is a minimal c.s.i.b. for n, 2°<n <2°*!, then
qg=s+2.

Proof. Obviously g < s + 2. Indeed by Lemma 2.4, B,**"*? isa c:s.ib.; hence
any restriction of B,**®*?*1to n columns is a c.s.i.b., i =1 or 2.

It suffices to prove g>s+1 for n°=2°+1, since were there a cs.ib.
BE+DX@*+0far any k > 1, a restriction of this matrix to 2° + 1 columns would be
completely separating for k = 1.

Suppose B= B *Vis a csib. and g < s+ 1. Let byeB, b;# (1,1,---,1).
Then b/ =1, bj* =0 for some j,, j,. Let B* be the matrix obtained from B by
deleting column j, . Then B* has g rows and 2° columns, where g £ 5 + 1; hence
it is a minimal c.s.i.b. Therefore if the only minimal c.s.i.b. for n =2° are per-
mutations of B, ®*P*?, then B* must be such a permutation. Therefore, any
row of B* not identically one has exactly 2°7* ones and 257! zeroes. Thus the
ith row of B has 2°"! + 1 ones and 2°~! zeroes (since b{* = 1). Similarly, if we
delete column j, , we find that the ith row of B has 2° ! ones and 2 *7!4- 1 zeroes
(since b/* =0), and we arrive at a contradiction, thereby proving that g =s + 2.

LemMa 4.2. Let BY" by a c.s.i.b. Then if n>2°, g 2s+2. The proof is
trivial and will be omitted.

We shall now complete the proof of theorem 2.8 by induction on s. For s =1,
the only possible row vectors of a basis are (1, 1), (0, 1), and (1, 0), and any two
such vectors form a minimal basis of the form B?*?,i =1, 2.

Suppose the theorem is true for matrices having 2° columns, t <s. We shall
prove the theorem for matrices having 2° columns, dividing the proof into five parts;

PART A. Anycsib. BEtD*?" = B satisfies both the 0O-condition and the 2
condition. (See Definitions 1.4 and 1.5).
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Proof of Part A. Suppose B does not satisfy the 0-condition. Then, without
loss of generality we may assume that there exists a row b; in B such that /=0
forall j <257 +k, 0<k<2"! and bi=1for all j >2°"' + k. Bis a basis
of a c.s.im. M.

Let B* be the matrix obtained by restricting B to the first 2°! + k coluumns,
with the ith row deleted.

Let M* be the matrix obtained by restricting M to the first 2°7! + k columns.
Then B* is a c.s.ib. of M* having the dimensions s x (2*"* + k) which, by the
induction hypothesis and Lemma 4.2, is impossible.

Suppose B does not satisfy the 2-condition. Then, without loss of generality
we may assume that there exists 2 row vectors b;, b, such that b/ = b} for
j=1,-2"14p p>0.

Let B* be obtained by restricting B to the first 2°~* + p columns, with the first
row deleted.

Let M* be obtained by restrincting M to the first 2~ + p columns. Then
B*is a cs.ib. (of M¥) of dimension (s) x (27! + p), which, by the induction
hypothesis and Lemma 4.2, is impossible.

Therefore B satisfies both the 0-condition and the 2-condition.

PART B.If B®*V*?* = B js a c.s.ib. and if there is a b;e B such that b, has
x25 .
exactly 2°~ components equal to zero, B ~ BS*V*% i =1,2.
Proof of part B. Without loss of generality we may assume that b, € B and
. j <251 - -
b, = { (1); ; ps=1 : Let B* be obtainedby restricting B to the first 2°~! columns
with the first row deleted.
Let M* be obtained by restricting M to the first 2 °~ ! columns.

Then B* is a c.s.i.b. of dimension s x 2 ™!, and therefore by the induction
hypothesis, B* ~ B*2"™", i =1 or 2. Therefore there exists a column vector in B*
which is everywhere zero except in one component which component is equal
to one. Therefore there is also a column vector in B which is everywhere zero
except in one component, which component is equal to one.

Thus by Lemmas 2.9 and 2.11, B ~ B®*V*? =1 or 2.

PARTC.Let B= B “*1*% pe a basis of a c.si. m. M. If there exists a row
vector b, e€B such that 2°> X,b/>2°7% then 2°> X;b{>2"! for all
i=1,-,s+1, and if m, =(m,1,-~-,m,fs)eM then 2 °> ijkj> 2571

Proof of Part C. Suppose there exists a b, € B such that 2° > ¥, b/>2°"1,
36’ 22°7" for every i, by part A.

If ¥; bl =271 or 2° for some i, then by Part B and Lamma 2.9 we know that
B ~ BP*Y*? =1 or 2 and then for each i, including iy, X;b/=2""'or2,
contrary to our assumption. Therefore 2°> X,;b/>2°"" for every i. Let
my = X;cb,=(m}, -, mieM, m,# b,,. Then there exists a jo, jo# io,
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such that ¢;, #0, and {by,---,b;,—y, my, bj 4+1,-*,bs41} is also a c.s.1.b. con-
taining b;, . Therefore by the first half of this proof, 2° > X;m{>2°"1.

ParT D. If B=B*"1Y** s a c.s.i.b. of a c.s.i.m. M and if there exists a b, € B
such that 2° > X, b! > 2°~! then there is an m, € M, such that m, = X;c;b; where
¢g=—1land X,¢;=0,10r2.

Proof of Part D. (1,0,---,0)'¢ B and (0,0,---,0)" ¢ B, Lemmas 2.2, 2.9 and
2.11. Let B* be obtained by deleting the first row of B. B* 3 A® since (0, :--,0)’ ¢ B¥,
and therefore B* has two identical columns (b’!)* = (b’*)*. Since by Lemma 2.2
B does not have two identical columns, we may assume that b,/'=1, bf? =0.
By the definition of a completely separating matrix, there must exist a row
mye M where m, = Xcb; with m/'=0, and mJ?>= 1. Consequently
mi'— mi*= —1 = Te(b/'= b/ =c,.

By Lemmas 2.10 and 2.2, (1,:--,1)" ¢ B and (0, :--,0)" ¢ B.

Therefore, there must be some pair of columns b” and b7 both in B, whose sum
is the unit vector, for if not we would have in B, exactly one column of each
of the 2° such pairs. But we have exhibited one such pair, namely (1,---,1)" and
(0, ---,0)",Ineither of which is in B. It follows that X;¢;=0, 1 or 2 since m; =0or 1
for every j, and mf + mf = X¢;(b? + bf) = L.

PART E. IfB¢*V*? = B is a basis of a c.sim. M then ;b= 2""! or 2°
for any b,e Band B~ BF*1P** i=1or2.

Proof of Part E. (by contradiction). Suppose there exists a b;e B such that
X,bi#27 and X;b! #2°. Weknow X;b > 2°"!(Part A, by the 0-condition)
Therefore 2°> X ;b/> 27", Then there exists an m,= X;c;b;=(m,,--,m)") e M
such that 2°> X ;m!>2"'and ¢, = — 1, X,¢;=0, 1 or 2 (by Parts C and D).
Thus there must be more than 2°~* columns b7 in B for which X;¢;b? =m! = 1.
We shall prove that there are at most 2°~* such columns. Before proceeding, we
shall first give an example.

ExAMPLE. Let X;¢; =1, and let there be only one ¢; which is equal to —1.
Without loss of generality we may assume that ¢, = — 1, ¢, =¢; =land ¢; = 0for
i>3. Let b? be a column in B. Then X;¢;b? =0 or 1. If X;c,b? =1, the first
three components of b® must be as in,one of the following three cases:
O =111-), @Qb=010--),0r (3 =001 ) and if
X,c;h? =0, the first three components must be as in: (4) b* =000 -,
G)p?=(1 10 ) or (6) b =(1 0 1 ---)'. We shall say that a column is of type
i if and only if its first three components are as in case (i). Suppose B has t; columns
oftypei,i=1,---6.

(1.1) t; £2°72 for all i; since each column type has three fixed components,
and the remaining s — 2 components may be either 0 or 1.
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(1.2) XZ,t; = 2. The matrix B has the following form:

by [ 10--0e0-cloeeloes Yoy =—1

b, Looelee0ere0eeelea0eee |y =1
B= by | 10-1000-0e1ee | c5=1

bs+1 . . . . . . Ci =0

Yeby=m,= (1---1.--1..:0---0-+-0--- )

where each column type (i) appears t; times. Thus the nunmber of components
in rows b; and b, which are identical is t; + t3 + 4 + ¢5 ; the number of com-
ponents in rows b, and b, which are identical is t; + ¢, + #4 + t. By Part 4, the
2-condition, we find that 2t, + ¢, +t; + 2ty + t5 + ts < 2°. Together with
equation (1.2) this gives ¢, = t, = 0. Using incquality (1.1) we find that there are
at most t, + t; < 2°7* columns b? in B such that X, ¢;b? = 1, contradictory to our
assumption that X,;m}>2°"1.

We now proceed to the proof of part E. We may assume, without loss of gene-
nerality, that the rows of B are so ordered that ¢; = — 1 for 1 i< h, ¢;=1 for
h<i<h+k and ¢;=0 for i>h+k Let I;={izc;=j}, I"’={i:b{ =1}.
Let ] Al denote the number of elements in the set 4. By Lemma 2.6 and part D of
this theorem, [I_, | =h #0,|I,| =k 2 hand |[;| =0ifj# 0,1, ~ 1.

Let X be the set of all possible column vectors &’ of length s 4 1, satisfying
(@af =0or1for1<i<s +1,and(b) ;o =0or 1. The columns of B form
a proper subset of X. We shall define a partition of X into equivalence classes
called types; two columns o, «' in X belong to the same type if and only if
of = af for all ieI,UI_,. This is obviously an equivalence relation. Let A = {«}
be the family of types. We shall now partition A4 into two equivalence classes 4,
and A, where 4, = {a:xe A and if of is a representative of type o, then

X, c;0f = i}. This definition is independent of the choice of a representative, for
if a” and af are both of type o, then X;cu; = X;cm;. 4don Ay =¢, and
Ay U A, = A, since by definition X;c,af/=0or1.

If a’eac A, then there exists an integer ¢, 1 < g < h+ 1, such that (1.3)
II”n I_ll =] I”ﬂlll =q—1 and if aPeaxeA,, there exists an integer 4,
1 £ g <Min(h+ 1,k), such that (1.4) [IPNI_y|=q—1 and |[I"NI;|=q.
We shall use these g’s to partition the sets Ao and A4, . Let A(g,i) ={o: ae 4; and
if af is a representative of type «, then II”(\ I -ll = q — 1}. This definition is
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independent of the choice of representative, for if «” and «'both belonge to the
class «, I?=1" The sets A(q,i), 1 < q<min(h+ 1,k) are disjoint and their
union is A4,, i =0, 1. (1.5)]A(q, )l =(q f 1) (q B '1‘ iy ) . The number of
columns o € X which are of type a is (1.6) |a| =2°""1""*¥ We shall denote by
B, the set of columns b?’e B for wmch Xc¢b?! = m! = 1. Obviously
B, = {of: of is a representative of o, x € A(g, 1) for some ¢, 1 £ g £ min(h + 1,K)},
and consequently (1.7) |B1| < ]a] Zq]A(q, 1)|.

If a columns «F is a representative of the class « we shall say that o is of type a,
and if two columns belong to the same class o« we shall say that they are of the same
type.

Let ¢, be the number of columns of type « which are in the matrix B.
Consider any pair of row vectors b, b, in B such that jelI_;, wel. If b} =b},
for some column b” € B, then b} = by, for every column b* in B of the same type as
b?. Thus we may define the set C,,; of all the types « for which the j™ and w™ com-
ponents of any column of type « are equal. Thus C,,;={a: b} = b5 if b” is of typea}.
By part A4, the 2-condition, we find that the number of identical components in rows
b;and b,, is
(1.8) r o<l

aeCwj

Summing over all kh pairs (w,j), we arrive at

(1.9) z T t,= X at,< kh2!
.weIIl aeCwj a€cA
Jeir—i

where a, simply denotes the numerical coefficient of ¢, in the expansion. The total
number of columns in B is
(1.10) ot =25

axed

For any a, a, is actually the number of pairs (w, j) for which ae C,;. Let a € A(qg,1)
and let b” be a representative of «. Then a € C,; if and only if b, = b}. There are
exactly (¢ — 1)(g — 1 + i) pairs (w,j) such that b) =bf=1and (k—q+1 —i)
(h — q + 1) pairs such that b, = b7 = 0. Thus, for any q.

(1.11) a,=qglq—D+k—g)(h—q+1) ifacAd(g1)
(1.12n a,=(q-1*+k—-qg+1D)(h-q+1) if xe A(g,0).
We shall distinguish three cases:

Case ). B0, tis s b, =2+ ana e 0l= ) ().

¥, ( . k 1 ) ( ’; ) _ ( k2_" . ) <222 (Lemma 3.1) (See [1] p. 48). Therefore
| B,| < 2°”! (Equation 1.7) contrary to the assumption that X,mZ>2°"".
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Case (2). X;c;=1. Here h =k — 1 and equations (1.11) and (1.12) become:
a,=q(q = 1) +(k~q)* if acA(g,1) and a,=(¢ — 1)’ +(k— g+ D(k —g) if

o€ A(q,0). By Lemmas 3.2 — 3, a, gk(k i) for all ae A, while for ae A(q,1),
a, =k(k2— D if and only if g = [E—;l] . Using equation (1.10) we find that

Y, eaal, = k(k —1)2°" which, together with (1.9) means that X, . a.t,=
A

=k(k—-1)2°"!. Therefore t,#0=> a,= Kk — 1) and thus if acA(q,1),

2 b
k+1 o1 p » ,
9= |- | Consequently if e B,, b® must be of type o, € A(q,1). If k is
k-1 k
even, then g = and | A4 ( ) | = (k— 1) (k) <223 (Lemma 3.1),
2 -2/

and || =2°717*7D = 252 Therefore B, <2°”' contrary to the assump-

tion that X,m? > 2°"1 If k is odd, q—(k+1) d,A(k+1,1))=

2
k-1 k
(5—_1) (k + 1) < 2% (Lemma 3.4), |a|=2*?"%* and |B,|g2°7"
t2 2
which, as above, is a contradiction.
Case (3). X;c;=2. In this case h =k —2 and equations (1.11) and (1.12)
become a,=q(q - 1)+ (k—qg—1)(k—q) if acA(q,1) and a,=(q —1)* +

+(k—qg—1)(k—q+1)ifae A(q,0). For k even,a, = (k2 —)and ifaecA(q,1)

equality holds if and only if ¢ =—’2€- (Lemmas 3.2-3.) Thus ¢, # 0 and

aeA(q,l);»aa=k(k'z'z)»aeA(—';,l). ‘A(—zk,l) ‘=("£‘_21) (Z)g

2 2

<2 ¥ *(Lemma 3.1), and |a| = 2°*' %"= 2 == 2**3 Therefore | B, | £2°7%
k(k — 2) k(k=2) 1

If k is odd a, > ——= — 3 —2—for

k(_k—_zg)____l if ae A(q,0), by Lemmas 3.2-3. Consequently

Ea €Ay [aa - 1] ta + za €Ao aata Z I((Lz_i)_—l

= &22);1]— - 2° 427 and by equation (1.9) X, a.t, < k(k —2)2*™1,
Therefore X, 4,7, <2°7%, and |B,| £2°7, which contradicts the assumption
that X, m)>2"

for ae A(g,1). Therefore a,— 1=

aeA(q,1). Also a, =

+ 2% But k(k — 2)27!' =
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We have proved in each case that the assumption that there exists a b;e B such
that X;b{ #2° "and I, b} # 2° leads to a contradiction, completing the proof
of part E.

To conclude the proof of the theorem we note that since there is only one row
vector b;, namely the unit vector, for which X; b/ =2°, there must be a vector
b; in B such that X;b/ =2°"'. We then apply part B to complete the proof by
induction.

Theorem 2.8 and Lemma 4.1 may be combined into:

THeEOREM 4.3. If B¥"=B is a minimal cs.ib. and 2°"* <n£2°, then
g=s+1.Ifn=2thenB~ B V** fori=1o0r2.

THEOREM 4.4. There is only one c.s.i.m. M (up to row and column permuta-
tions) having 2° columns which is minimal in the sense that both its basis is
minimal and that no subset of rows of M is completely separating. M is the
matrix whose first s rows my,-- m, are identical to the first s rows of BY*1*2"
and whose remaining s rows are my; =(1,--- D) —m;,i=1,--s.

Proof. Let N be any c.s.i.m. having 2° columns, whose basis is minimal. Then
BE***2) = Bis a basis of N, for B§*1*2”s the only other minimal basis, and if
B$*1*2” s a basis of N, then so is B{*1*2” . Let b;, i =1,---5 + 1, be the rows
of B as defined in (1.8). We shall first prove that for any row n; of N, n, = b, or
n,=b,,,—b, for some i, i=1,---s, where b, , is the unit vector. n, = X;c;b; and
since (0,---0,1)’eB and ¢;=0, 1 or —1 by Lemma 2.6, we have ¢,,, =0 or 1.
Suppose ¢, =1 and suppose ¢; =1 for some i# s+ 1. Then there is some
column b’ in B which is everywhere 0 except in the ith and s + Ist components,
giving n/ = 2, which is impossible. Similarly there is at most one c; which is equal
to — 1, for if there wre more than one such ¢; we should get nj = — 1 for some j,
which is impossible. Therefore if ¢,,, =1, then n, = b, or n, = b, — b; for
some i < s. Similarly if c,, ; = 0, then no ¢; can be equal to — 1 and at most one ¢,
can be equal to 1. Thus n, = b; for some i < 5. We have proved that the rows of N
form a subset of the rows of M with the unit vector added. we shall now show
that if N is a proper subset of M, it is not completely separating. Suppose N is a
proper subset of M. By symmetry, we may assume that m, is not in N. Then if
n,=by, nf=1=n""*" =1 and if n,=b,,, —b;, then n; =0. Therefore
there does not exist an n, in N such that n,'=1and n,>’"'** =0, which means
that N is not a completely separating matrix. In Lemma 2.4 we proved that M with
the unit vector added is completely separating. Obviously the unit vector is super-
fluous, and we have proved that if N is any c.s.i.m. whose basis is minimal and
which itself is minimal in the sense that no subset of its rows is completely se-
parating, then N ~ M.
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